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ABSTRACT 

A class of parabolic partial integrodifferential equations with discrete and 
distributed delays in the spatial derivatives of maximum order is considered. 
After the study of well posedness of the initial value problem the asymptotic 
behaviour of the solutions is investigated through the spectral properties of the 
in'finitesimal generator of the solution semigroup. 

I. Introduction 

The subject of retarded partial differential equations has been investigated by 

several authors in the last years but very few papers have been devoted to the 

study of the case in which the delays appear in the partial derivatives with 

respect to the space variables (see [1-4, 7, 8, 12, 15, 17, 18]). Our objective in this 

work is to investigate a class of parabolic linear partial integrodifferential 

equations with delays up to the highest order derivatives. The simplest example 

that could be considered is the following: 

u , ( t , x )=  u ~ ( t , x ) +  u x ~ ( t - r , x ) +  f~ a(s)uxx(t + s ,x)ds  + f ( t ,x ) ,  

(1.1) for 0 <  t =< T, 0 = < x < l  ' 

(1.2) u( t , x )=q~( t , x ) ,  for - r=< t=<0 ,  0-<x=<l ,  

(1.3) u( t ,O)=u( t ,  1)=O, for 0 < t <  T, 

where f and q~ are given functions and r is a positive real number. We can treat 
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this problem as an initial value problem for an abstract ordinary functional 
differential equation of the form 

(1.4) i~(t)=Au(t)+A,u(t-r)+fl a(s)A2u(t+s)ds+f(t), f o r 0 < t < T ,  

(1.5) u(t)=y(t), for -r<t<O, 

where A : DA _C H ~  H is the infinitesimal generator of an analytic semigroup 

in a Banach space H and AI, A2~&P(DA,H)where DA is endowed with the 

graph norm of A. Let us briefly review the existing literature on this subject. 

Problem (1.4)--(1.5) has been studied in [17], where a mild solution is proved to 

exist, if y is suitably chosen. In the example (1.1)-(1.3), ~0 is supposed to be 

infinitely differentiable with respect to x. The abstract problem with A2 = 0 is 

considered in [1]. Here the initial function y must be continuous with values in 

an interpolation space between DA2 and DA. This is sufficient to obtain a strict 
solution of (1.4) and (1.5). 

In this paper we shall study (1.4)-(1.5) in a Hilbert space setting. This is useful, 

for instance, in approximation problems and in some applications to control 

theory (see [7]). In this case we will assume that H is a Hilbert space, we choose 
y E L2( - r,0; DA), f E L2(0, T;H) and look for a solution u such that Au, 
ti E L2(0, T; H) ;  hence (1.4)-(1.5) is satisfied almost everywhere. It is known 

that we must also supplement (1.5) with the prescription of the value of u at 
t = 0 :  

(1.6) u (0) = x 

and choose x in a suitable intermediate space F between DA and H (see [7]). 

With this assumption the solution obtained belongs to L2(-r,T;DA)N 
W"2(0, T; H )  ~ C(0, T; F). A generalized solution of the same problem is found 
under somewhat weaker conditions on x, y and f in [13]. In [12] a case is studied 

in which At = 0 but a distributed delay term in the first time derivative is added; 

here more regular y and u are considered, hence condition (1.6) is not needed. 

Taking f = 0 in (1.4) we can associate to each (x, y ) E  F x L2( - r,0; D A ) =  Z 
the solution of (1.4)-(1.6) which is defined now in [ - r, + oo[. This enables us to 

define the solution semigroup S(t) in the product space Z. In this way the study 

of the stability of the solution u of (1.4)-(1.6) is made through the investigation 

of the asymptotic behaviour of 

(1.7) t---~ S(t)(x, y) 

in Z, i.e. the determination of the type to of the semigroup S(.  ). To this end we 
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characterize its infinitesimal generator A and try to locate its spectrum o-(A). If 

the condition 

(1.8) ~o = sup{Re A : A E tr(A)} 

holds we can reduce the study of the asymptotic behaviour of the solution of 
(1.4)-(1.6) to that of the location of o-(A). Now condition (1.8) holds, for 

example, if H = R "  (see [ll  D or if e a' is compact and AI, A2 are defined in 

domains which contain properly Da (this corresponds to partial differential 

equations with delays in the lower order derivatives); in fact, in both situations 

one can prove that S(t) is compact for some t. But if 

(1.9) A 1 E ~ ( D a , H )  and D a C H  

we can show that S(t) is never compact. Another sufficient condition to verify 

(1.8) is the differentiability of the semigroup S(.);  but not even this property 
holds if A1 satisfies (1.9). On the other hand when AI = 0 and a( .  ) is smooth, the 

semigroup S( .)  is differentiable and so (1.8) holds. This case provides an 

interesting example of a semigroup which is not compact but ultimately 

differentiable. 
In the next section we give the existence and uniqueness results for the 

(global) solution of problem (1.4)-(1.6) together with the continuous dependence 

on the initial data (x, y). After defining the solution semigroup we characterize 

its infinitesimal generator A. 
In Section 3 we study the spectrum of A through the investigation of a 

generalization of the classical characteristic equation associated with (1.4)-(1.6), 

Again the presence of the delay in the derivatives of maximum order gives rise to 
new and interesting situations. 

In Section 4 we investigate the discrete delay case, which is problem (1.4)-(1.6) 
with Az -- 0, and apply the results of the preceding section to the case in which 

A~=yA with T E R  and 17[>1. When 0<[3,[_-<1 we use the methods of 
dissipative operators theory to determine the asymptotic behaviour of the 

solution semigroup. 

In Section 5 we consider problem (1.4)-(1.6) when A~ =0,  which is the 

distributed delay case. Supposing that the density function a ( . )  belongs to 

W~2(- r, 0) we can prove that the solution semigroup is differentiable in ]r, + ~[ 

and so we can study the asymptotic behaviour of the solutions of (1.4)-(1.6) by 

locating the spectrum of A. This will be done in detail for A2 = A and a ( . )  a 

constant. 
In the last section we give an application of the preceding results to the study 
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of the classical Cauchy-Dirichlet problem for a parabolic second order integro- 
differential equation with delay. 

Finally we wish to thank the Osterreichische Kulturinstitut in Rome and the 
Institut fiir Mathematik, Universit/it Graz for their kind hospitality. The 'Fonds 
zur F6rderung der wissenschaftlichen Forschung' of Austria and the M.P.I. of 
Italy are acknowledged for their support. 

2. Wellposedness and solution semigroup 

In this paper H will denote a Hilbert space with norm [[.[I. We will also 
consider a linear operator A : DA C_ H--> H which generates a bounded analytic 
semigroup e A'. The space Da will always be given the norm of the graph of A. 
Let us denote by F the Hilbert space (see [5, 14]) 

(2.1) 

with the norm 

[ fo I F =  x ~ n :  IIAeA'xll~dt< +o~ , 

(2.2) IIx [IF = (I[X 112+ fo +| t[Aea'x [[2dt t 1/2. 

It is known that F is an intermediate space between Da and H, 

(2.3) Da ~ F ~ H, 

and moreover for each T > 0 we have 

(2.4) L2(0, T; Da ) f'l W1'2(0, T;H)'--~ C(O, T; F). 

Here ~ denotes algebraic and topological inclusion. This result can be found 
in ([14], Theorem 3.1, p. 23; see also the Appendix of [8]). 

We will give now an existence and uniqueness result for a solution of problem 
(1.4)-(1.6) and also establish continuous dependence on the initial data. These 
properties will enable us to define a strongly continuous solution semigroup. 

THEOREM 2.1. Let A , E . ~ ( D a , H )  ( i=1 ,2) ,  a E L 2 ( - r , O )  with r > 0 ,  

f E  L2(0, T; H) with T > 0 ,  x ~ F and y G L 2( - r, O; Da ). There exists a unique 
u E L2( - r, T ;Da)N  WI'2(O, T ;H)  such that 

(2.5) f i ( t ) = A u ( t ) + A ~ u ( t - r ) +  f ~ a (s )A2u( t+s)ds+f ( t ) ,  

for a.e. t E [0, T], 
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(2.6) u(0)=x,  u(t)=y(t),  fora.e, tE[-r,O].  

Moreover u E C(0, T; F) and there is C > 0 independent off, x and y such that 

(2.7) II u 11.2,o..:oA,nw,2,o.T;., ~ C{llfllL2,o.T:.,+ IIx I1~ + IlY ILL2, ..,,;oA,}. 

The result can be obtained easily from the proof of Theorem 3.3 of [8] 

where (2.5)-(2.6) is considered with f = 0 (but otherwise under slightly more 

general assumptions). The proof is based on a maximal regularity result for the 
solution of the equation 

f i ( t )=Au(t)+f(t) ,  for 0 < t =  T, 
(2.8) 

u (0)  = x,  

where f ~ L2(0, T; H). To obtain a solution u of (2.5)-(2.6), which has no less 

regularity than the initial datum y, we need to take x in F. This is the reason for 

employing the space F here. If we choose f = 0 in (2.5) we can associate with the 

couple (x, y) a solution u of (2.5)-(2.6) defined on [ -  r,~[ and therefore we can 

define a solution semigroup. To make this precise we require additional 
notation. Let 

(2.9) Z = F x L 2 ( - r , O ; D A ) = { ( x , y ) : x E F ,  y~LZ(-r ,O;DA)} 

with the norm 

(2.10) [[(x, Y)llz = IIx I1~ + tlY 11,2,-,,0;oA,, 

and let us suppose that the assumptions of Theorem 2.1 hold. 

DEFINITION 2.2. Given z = (x, y)  E Z let 

u EL,~oo(0, + ' ~ ; D A ) n  ,.2 W,o~(0, + ~; H) (q C(0, + ~; F) 

be the solution of (2.5)-(2.6) with f = 0. For each t > 0 we define the linear 
operator 

(2.11) S(t): Z ~ Z  

by 

( 2 . 1 2 )  S(t)(x, y )  = (u(t), u,) 

where u, is the function s ~  u(t + s), s E [ - r ,0 ] .  We put also S(0)= I. 

The following result is proved in ([8], Theorem 4.1 and 4.2): 
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THEOREM 2.3. The family of operators S ( .)  is a strongly continuous semigroup 
on Z and its infinitesimal generator 

(2.13) A: DAC_Z--)Z 

is defined by 

DA =/(y(0) ,  y): y E W~'2( - r,0;DA), Ay(0)+ A t y ( -  r) 

(2.14) 
L 

+ f o  a(s)A2y(s)dsEF}, 
and 

(2.15) A(y(0), y ) =  (Ay(0)+ A l y ( -  r )+  f~, a(s)A2y(s)ds, ~). 

3. The characteristic equation 

In this section we show how the description of the spectrum of A can be 

facilitated by introducing a family of operators A(A), A EC. The equation 
A(A)x = 0 will be seen to be a generalization of the well-known characteristic 

equation for delay equations when H -- R" (see Chapter 7 of [11]) or when H is 

infinite dimensional but A, and A2 are defined on the domain of a fractional 
power of - A  (see [18]). In the present case new situations arise. 

The assumptions of Theorem 2.1 are assumed to hold throughout the 

remainder of this paper. 

DEFINITION 3.1. For h EC  we define A(A): D A - ~ H  by 

(f ) (3.1) A(A)x=Ax A x - e - ~ ' A , x  - _ a(s)e~Sds A2x. 

As DA is given the norm of the graph of A, we have A(A)E ~(DA, H). 

We shall frequently use the following fact: If A(A)DA = H and h(h )-~ exists as 

a bounded operator, then A(A)DA = n. 

DEFINITION 3.2. 
by 

For A ~ C we define M, 'L2(  - r,O;DA)~ W1'2( - r,0;DA) 

(3.2) (M~)(s)  = f o e~"-~)Y(r) dz. 
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Further we define G~ : L 2 ( -  r,0; DA)--~ H by 

(3.3) G~ ()~)= A I ( M ~ ] ) ( -  r )+  [[, a(s)A2(M~])(s)ds .  

It is easy to see that Ga ~ ~(L2( - r, 0; DA), H).  Its norm will be denoted by 
IIG  II. 

PROPOSITION 3.3. Let ,~ ~ C and ~ = (s Y) ~ Z. I f  z = (y(0), y) E D A satisfies 

(3.4) ;tz - Az = ~, 

then we have 

(3.5) y( t )=e~ 'y (O)+(M~]) ( t ) ,  -r<--t<=O, 

and, setting x = y (0), also 

(3.6) A(A )x = G~ ()7) + s 

Conversely, if x ~ Da satisfies equation (3.6), then for 

(3.7) y(t)  = e~'x + (Mx])(t) ,  - r <= t <= O, 

we have that y ~ WI'2( - r,0; DA), Z = (y(0), y) E DA and z satisfies (3.4). 

PROOF. Equation (3.4) can be written in the following way: 

(3.8) Ay(0)-  A y ( 0 ) -  A ~ y ( -  r ) -  ~o_, a ( s )A2y( s )ds  = ~, 

(3.9) A y ( t ) -  )~(t) = ]( t ) ,  for a.e. t ~ [ -  r,0], 

and (3.9) is equivalent to (3.5). Hence if (3.4) holds we deduce that x = y (0) ~ DA 

and that (3.6) is satisfied by virtue of (3.8) and (3.5). Conversely, if x ~ Da then y 
defined by (3.7) belongs to W~'2( - r, 0; Da ) and y (0) = x. If in addition x satisfies 
(3.6) then from (3.7) we get 

)ty(O)- Ay(O) -  A , y ( -  r ) -  _ a(S)AEy(S)ds 

yo ( f o = Xx - A x  - A~(e-~'x + ( M ~ 9 ) ( -  r ) ) -  a(s )A2 e~x + e - ~ 9 ( o ) d o  " ds 

= s  

and so (3.8) is verified. From (3.8) we deduce also 
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F A y ( 0 ) + A , y ( - r ) +  , a ( s )A2y(s )ds  E F  

hence (y(0), y ) E  DA. As (3.8) and (3.9) hold we obtain (3.4). 

By virtue of the preceding proposition we can study the relation between the 

properties of A(A) and those of ) t - A .  This will be done in the following 

propositions. 

PROPOSITION 3.4. A(A) is injective if and only if A - A  is injective. 

PROOF. If x E Da, x ~  0 and A(A)x = 0 then x satisfies (3.6) with (~, y ) =  

(0, 0) and so from Proposition 3.3 we deduce the existence of z E DA, Z ~ 0 such 

that Az - Az = 0. Conversely, if there exists such a z, then from (3.6) we obtain 

A(A)x = 0 with x E Da and x ~ 0 and the conclusion is obtained. 

PROPOSITION 3.5. I f  A(it)DA = H, then (h - A)DA = Z. 

PROOF. If A(,~)DA = H then (3.6) has a solution for each (s 37) E Z and so by 

virtue of Proposition 3.3 also (3.4) has a solution. 

PROPOSITION 3.6. I f  for it ~ C there exists c~ > 0 such that 

(3.10) II x IIoA --< c, IIA(A)x II 

for each x E Da, then there exists a constant cz such that 

(3.11) IIz tlz -<- c211(;~ - m)z llz 

for each z E DA. 

PROOF. Let us first observe that for x E D a  and 3 7 E L 2 ( - r , O ; D a )  the 

function 

(3.12) y(s)=e~Sx +(Mx37)(s), -r<=s<=O, 

satisfies 

(3.13) [IY HL2,-,.o~oA, < c~{[I x }]o~ + }[ ~ IIL2~-,.O;D~,}, 

with C3 independent of x and ]. 

For (y(0), y) = z E DA we set ~? = Az - Az and x = y(0). As (3.6) holds, (3.10) 

implies 

(3.14) II x Iio, -<- c, II A(X )x II = c, II G~ (37) + e II --< c,{ tt a~ II t[ Y II ,~,-,,o;o,, + II e I1 }, 

Nex L observe that there exists a constant c4 such that for each x E DA 
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II x IIF --- c411 x IIoA 

and hence from (3.13) and (3.14) it follows that 

Ilz IIz = IIx IIF + IlY IIL",-.";OA, 

<_- c,  II x II o ,  + c3{ II x II oA + II; IIL2'-'.o~oA'} 

--<_ (C, + C3)C~(t} G~ II II ; tlL-',-,.o~,,, + II • II} + c., ql ~ tlL~(-,,o;o~,- 

As F ~ H we deduce the existence of c2 independent of 37 and s and such that 

II z IIz --< c2{ II 37 IIL2,-..,,;o~, + II ~ IIF} -- c2/I e IIz = c~ II,~z - mr  IIz. 

PROeOSmON 3.7. I/  (A --A)DA is dense in Z, then A(A)DA is dense in H. 

PaooF. Given :~ ~ F set :? = (s By assumption for each e > 0 there is 

:?, = (s ~ )  ~ Z such that 

(3.15) IIz - ell~ < 

and also such that there is w~- = (y, (0), y , ) E  DA satisfying 

Aw, -Aw~ =:?,. 

From Proposition 3.3 we deduce that 

(3.16) A(X)y, (0) = G~ (37,)+ ~ .  

Now 

II g - G~ (;~) - Z II --< II g - Z II + II G~ (37~)11 

and from (3.15) (and the fact that F ' - - )H)  we have 

where c5 > 0 is independent of .~ and s and again from (3.15) 

1137. I1~,-.o;,,,, < 

hence 

IIG~ (37~)11----II a ,  II 1137~ II~:,-..o;oA,--< II G~ I1~. 

In conclusion, we proved that for s E F and e > 0 there exists ~, = G~ ( ~ )  + i ,  

in the range of A(A ) such that II ~ - ~ II --< ~ (c~ + II G II). Since F is dense in H the 

proposition is verified. 
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In analogy to the nomenclature used for the subdivision of the spectrum of 
closed operators we give the following 

DEFINITION 3.8. 

P (A) = {A E C: A(A) is injective, A(A)DA = H, A(A )-' E L~(H, DA )}, 

~rc (A)= {A E C: A(A ) is injective, A(A )DA =/4,  A(A )-' is unbounded}, 

trn (A) = {A E C: A(A) is injective, A(A)DAr HI, 

trp (A)= {A E C: A(A)is not injective}. 

From the remark after Definition 3.1 we deduce that 

C = P (a) O ~ (a) O 0-5 (A) O o', (A). 

Here EI3 F denotes the disjoint union of two sets E and F. 
By substituting in the preceding definitions A - A  for A(A), DA for DA and Z 

for H we obtain the usual definitions of p(A), the resolvent of A, and of the 
continuous, residual and point spectrum of A: trc (A), tr~ (A) and o> (A). We also 
denote by o-(A) and or(A) the complement in C of p(A) and p(A) respectively. 

Next we establish the result announced earlier on the relationship between the 
subsets of the spectrum of A and the sets defined in Definition 3.8. 

THEOREM 3.9. 

(3.17) 

(3.18) 

(3.19) 

(3.20) 

(3.21) 

The [ol~wing incluswns and equalizes hold: 

p(a) p(A) p(a)0 

~c(A)C~c(A)C~c(A)O aR(A)0p(A),  

~ R ( A ) C ~ R ( A ) C ~ ( A ) 0  ~c(A), 

qp(A)= q~(h), 

q(A)C a(a). 

PROOF. The first inclusion in (3.17) is a consequence of Propositions 3.4, 3.5 
and 3.6. The second one follows from Propositions 3.4 and 3.7. The first inclusion 
in (3.18) is true by virtue of Propositions 3.4, 3.6 and 3.7 and the other one is a 
consequence of Proposition 3.4. Moreover Propositions 3.4 and 3.7 imply the left 
hand side of (3.19), while the right hand side is true by virtue of Propositions 3.4 
and 3.5. Finally (3.20) is equivalent to Proposition 3.4 and (3.21) is a consequence 
of (3.18)-(3.20). 
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In what follows we derive a condition under which also the converse of 

Proposition 3.6 is true. Yet another operator needs to be introduced. 

DEFINITION 3.10. For each A ~ C, the operator (~ : DA ~ H is given by 

(3.22) d~ (x) = At(M~x~) ( -  r)+ , a(s)A2(M,x~)(s)ds,  

where x~ denotes the constant function on [ -  r, 0] with value x. We observe that 

The converse of Proposition 3.6 holds if (~  - / z  has a bounded inverse on H 

for some g E C. Later we will see a situation where this property is easily 

verified. 

I f  there exist A, tz ~ C and 6~ > 0 such that 

(G~ - ~ )  ' ~ ~e(H, O~ ) 

PROPOSITION 3.11. 

(3.23) 

and 

(3:24) IIz IIz ~ 6, II(~ - A ) z  IIz 

[or each z E D A , then there exists 62 > 0 satis[ying 

(3.25) [I x IIDA < 62 II A(A )x II 

for each x E Da. 

PROOF. Suppose that (3.23) and (3.24) hold. From (3.24) we know that A - A 

is injective and by Proposition 3.4 the same is true for A(A). Proceeding by 

contradiction we assume that there exist ~, E H, n E N, with lim,~= l] ~, 11 = 0 and 

l i m , ~ A ( A ) - ~ , ~  0 in DA. For each n E N  we set 

i .  = - g ( d ~  - g ) - ' ~ .  

and 

y.(t) (G~ -~ = -~) ~. 

for each t ~ [ - r, 0]. Then zT. = (~., Y.) E Z and 

(3.26) lirn II ~. IIz = 0. 

Moreover G, 07,)+ :~, = d~ (G, - / z ) - ' ~ ,  - /x ( (~ ,  - ~ L ) - l ~ n  = ~ta = A ( / ~ ) A ( / ~ ) - l ~ t t ,  

From (3.6) and the second part of Proposition 3.3 we conclude that 
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(3.27) Az, - Az. = ~,, 

where z, = (x,, y,) with 

(3.28) x, = A(A)-I~: 

and 

(3.29) y, (t) = e~'x. + (M~],)( t)  

for t E [ - r, 0]. If we prove that lim,~= z, ~ 0 in Z ,  then by (3.26) and (3.27) we 

obtain a contradiction to (3.24). Convergence of z, to 0 in Z, however, implies 

convergence of y, to 0 in L2( - r,O;DA). But by (3.28)-(3.29) we obtain for 

t ~ [ - r , 0 l  

f~ y , ( t ) =  e"'A(A)-'~. +((~, - ~)- '~.e "' e "'ds, 

and consequently l im .~A(A)  ~ .  = 0 in DA. This establishes the desired con- 

tradiction. 

THEOREM 3.12. I f  for each 

(Ga - tz ) -~ E ~ ( H ,  DA ) then 

(3.30) 

(3.3I) 

(3.32) 

(3.33) 

A E p ( A )  there exists t z E C  such that 

p(A)= p(a), 

~c(A)c~c(A)cac(A)6~R(A), 

~p(A)= ~p(A). 

PROOF. If h ~ p(A), then A(A) is injective and A(A)DA is dense by virtue of 

Propositions 3.4 and 3.7. From Proposition 3.11 we deduce that A(A)- '~  

~ ( H ,  DA), hence h E p(A) and p(A)C_ p(A). This together with (3.17) implies 

(3.30), which in turn implies (3.31) by virtue of (3.18). Finally (3.32) and (3.33) are 

(3.19) and (3.20). 

By using the second part of Proposition 3.3 it is easy to demonstrate the next 

result: 

PROPOSITION 3.13. Let the following property hold: There exist subsets F~ C_ F 
and L~ C_ L2( - r ,0 ;Da) ,  such that 

(3.34) F~ x L: = Z 
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and A E C such that 

(3.35)~ F, + G, (L,)C_ A(A)DA. 

Then (A -A)DA is dense in Z. 

PROOF. Let (0, qJ)~ F1 x L1. By assumption there exists x E DA such that 

0 + G~qJ = A(A)x. We define q~(s) = e~Sx +(M~qJ)(s) for s E 1 -  r,0] and note 

that ~o(0) = x and q~' ~ L2( - r,O;DA). Moreover we find 

Aq~(0)- 0 = A~p(0)+ e-~rA,~o(O)+ for a(s)e~SdsA2q~(O)+ G~tp 

= Aq~(O) + A2q~(- r)+ a(s)A2q~(s)ds. 

Since Aq~(O)-0 E F the last equality implies that 

Aq~(O) + A t e ( -  r) + for a(s)A2q~(s)ds E F, 

and therefore (~(0), ~)  E DA. 

We have shown that for each (0, ~) ~ F1 • LI, there exists a preimage under 

the operator A - A  in DA. Since F1 • L~ is dense in Z the claim is proved. 

Finally we give conditions which allow us to completely describe the spectrum 

of A by means of ~(A): 

THEOREM 3.14. Suppose that (3.34) holds and for each A @ ~rc(Z~) we have 
(3.35)~ and there exists/x =/~(A) such that (GA - / z ) - lE  &a(H, DA). Then 

(3.36) p (A) = p (2x), 

(3.37) O-c (A) = o-c (2~), 

(3.38) o-R (A) -- o-,~ (~), 

(3.39) o-p (A) = ~rp (4). 

PROOf. If A E o-c(A) we deduce from Proposition 3.13 that ( A - A ) D A  is 

dense in Z and from Proposition 3.4 that A - A  is one-to-one; if (A - A )  -~ is 

continuous then by virtue of Proposition 3.11 we have that A(A)-I is continuous 

which contradicts A E ~rc(A) and so A E ~rc(A). Thus from (3.18) we obtain 

(3.37). From this and (3.17) we get (3.36) while (3.19) and (3.37) imply (3.38). 

Finally (3.39) is (3.33). 
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REMARK 3.15. Although we treat here only the case of one discrete delay, 

more general equations can be studied with the same techniques. For example 

let 

f Lq~ = ~ A,q~(- r,)+ a(s)Ak+lq~(s)ds, 
i = I  r 

when Ai E ,~(DA, H), a E L2( - r ,0)  and 0 < rl < ' "  < rk ~ r. Then generaliza- 

tions of our results to the equation 

fi = A u  (t) + Lu, 

u(O) = x, u(t)  = y(t), for a.e. t E [ -  r,0] 

are simple. 

4. The discrete delay ease 

We pass now to examine (2.5)--(2.6), when in addition to / = 0 we have also 

(4.1) A 2 = 0  a n d A l = y A  w i t h y E R - { 0 } ,  

so that the equation that we study is given by 

(4.2) ti(t) = A u ( t ) +  3~Au(t - r), for a.e. t -> 0, 

(4.3) u(O) = x, u(t)  = y(t), for a.e. t E [ -  r,0]. 

Furthermore we suppose that A ~ L~(H) so that 

(4.4) Da ~ H. 

For the present case Definition 3.1 gives for )t ~ C and x E DA 

(4.5) 

where 

(4.6) 

It is easy to check that 

(4.7) m (h) = 0 

where 

M={l~ h * : k ~ Z }  

(4.8) 

A(A)x = hx - m (h )Ax  

- A t  
m ( h )  = 1 + 3,e 

if and only if A E M, 

with A* =/zr if  3' > O a n d  A* =Oif  31 <0 .  
r 
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To use the general inclusions of Theorem 3.9 in our case, we need a preliminary 

result. 

LEMMA 4.1. Let 

F={A ~C:  m(A)r  O, Am(A)-tEp(A)}, 

Fc. ={X EC:  r e ( A ) / 0 ,  Am(A)-tEOc(A)}, 

FR ={A EC: m(A)r  Am(A)-x E ~rR (A)}, 

r~ = {x E c :  m O ) r  o, ~m(x)-' ~ ~,(A)}, 

Fo={AEC:AgO,  m(A)=O}, 

then we have 

(4.9) 

(4.10) 

(4.11) 

(4.12) 

(4.13) 

PROOF. 

= r ,  

~c (A) = rc  0 ro, 

(r. (A) = rR,  

[ F~ if y /  -1 ,  
O'-p (A) 

t rp0{0} ifT = -1 .  

If m(A) g 0, then for each x E DA we have 

A(A )x = m(A )(Am(A ) - ' -  A )x. 

From this it easily follow that 

(4.14) FC_p(A), FcC_tTc(A), FR=tTR(A), FpC__~p(A). 

If m (A) = 0 and A g 0, then for each x E Da we have A(A)x = Ax. In this case we 
deduce from (4.4) since A ~ 0 that A ~ ~c (A), which implies 

(4.15) F0 C ~c (A). 

In the case m(0)~0  (i.e. y g  - 1 )  we have 

c = r 0 r c 0 r . 0 r ~ 0 r 0  

and therefore (4.14)-(4.15) imply (4.9)-(4.12). On the other hand if m (0) = 0, we 

see that A(0)= 0 and hence 0E  (~p(A) and (4.12) must be replaced by (4.13). 

PROPOSITION 4.2. The following inclusions hold: 

(4.16) FC_ p(A) C F 0 Fc, 
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(4.17) Fo C_ ,7c (A) C_ Fo tJ Fc, 

(4.18) FR C_ ,TR (A)_C FR 0 Fc, 

(4.19) crp(A) = ~ Fp if y r  - 1, 

(4.20) [ Fp 0 {0} if 3' = - 1. 

PROOF. Let us first show that Fo C_ trc(A). For A E Fo we choose ~ in the 

complement of DA and put s = 0 and ,~(t) = e~'(p, - A ) -~  where/~ E p ( A )  and 

t ~ [ - r , 0 ] .  We observe that (3.6) becomes 

Ax = 3,re-~'A (l~ - A )-~ ~, 

and this equation cannot have a solution x in DA. By virtue of Proposition 3.3 it 

follows that ( ) t -  A)DA ~ Z and therefore A ~ p(A). It is also obvious that 

A ~ try, (A)= o'p (A). To prove that ,~ t~ O'R (A) (and hence that A E O-c(A)) it is 

sufficient now to show that ()t -A)D^  is dense in Z. For this purpose we use 
Proposition 3.13 with F1 = DA and L, = L2( - r,0;DA2). Since F~+ G~(L~)C 

DA = A(A)DA it is easy to check (3.34) and (3.35)~. Now (3.17), (4.9) and (4.10) 

give 

r c p (A) c r 0 r c  0 r0, 

from (3.18) and (4.10) we obtain 

o'c (A) _C r~ 0 r0, 

and (3.19), (4.10) and (4.11) imply 

FR C_ err (A) C_ FR 0 Fc tJ ro. 

But FoC_trc(A) has been demonstrated earlier and hence (4.16)-(4.18) are 

verified. Finally (4.19)-(4.20) follow from (3.20), (4.12) and (4.13). 

We can now establish the instability of the trivial solution of 0.2)--(4.3) for 

[3'1> 1. 

THEOREM 4.3. Let  l Yl > 1. For any 8 > 0 there exists z = (x, y) E Z, such that 

II z IIz <- 8 and for the solution u of (4.2)-(4.3) with initial datum z we have 

(4.21) lira sup II u(t)lIF = oo. 

PROOF. From (4.7), (4.8) and (4.17) it follows that there exists A E or(A) with 

Re A > 0. Hence, given ~ > 0, there exists z ~ Z with 11 z llz <-- 6 such that 
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From (2.10) and (2.12) we have 

(4.22) 

sup II e"z I1~ = ~ .  
I > 0  

lim sup (][ u (t)llt + II u Ik2, . . . . .  ;o~ ~) = -4- oo. 

From (4.2) we obtain for t _-> r 

(4.23) 

Therefore if 

then 

II u'll~2,,-..,;.~ <~ II A u  Ib,,-..,,-, + 17111Au tlc~,,_2,.,_.;.). 

iim sup II u Ib,,-,.,;oA, < ~, 

lim sup II.'IIL2,,-..,;-, < 

and consequently from Theorem 3.1 in ([14], p. 23) we conclude that 

lira sup II u(t)ll,~ < oo. 

This proves that (4.22) is equivalent to (4.21). 

In the case l Y] < 1 under further conditions on A every solution of (4.1) is 

bounded on [0, oo), as will be proved at the end of this section. One is tempted to 

try to verify such a result by showing that 

(4.24) s(A) = sup{Re A: A E o,(A)} 

is negative and that the type to(A) of the semigroup e At defined by 

to(A) = inf{to E R:  there exists M > 0 with lie A' [[~eCz) <_ - M e  ~'' } 

satisfies 

(4.25) s(A) = to(A). 

To ensure that (4.25) holds various conditions are known (see e.g. [19]). Those 

which seem to be easier to verify are: the compactness of e A' for some t or the 

ultimate differentiability of e A' (i.e. the differentiability of t ~ e A' on  [a ,  oo) for  

some a > 0). But in our case these properties do not hold. In fact we have the 

following result: 
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THEOREM 4.4. Let e A' be the solution semigroup associated with (4.2)-(4.3). 

Then e A' is not ultimately differentiable. Moreover there is no to > 0 such that e A'o is 
compact. 

PROOF. From (4.17) we deduce that o'(A) contains an unbounded subset Fo 

lying on a vertical line. From Pazy's theorem (see [16]) A cannot generate a 

differentiable semigroup. In addition, Fo _C O-c (A)proves that ~r(A)~ o'e (A)and 

therefore there exists no to such that e At~ is compact (see [6], Theorem 2.20). 

After this negative result we study the asymptotic behaviour of the solutions 

of (4.1)-(4.2) when [y[ < 1 with a different method. We consider the particular 

but important case when A is selfadjoint. 

THEOREM 4.5. If - -A is positive and selfadjoint and [y I<-_ 1, then each 
solution u of (4.1)--(4.2) satisfies 

(4.26) sup (] u(t)lv + [u [L2,,-,.,;OA,)< oo. 
t>O 

PROOF. In view of (2.10) and (2.12) we need to show that 

(4.27) sup ]1 e A, ]]~e,z)< ~. 
t > 0  

Let us define the scalar product 

(4.28) (z~, Z2)Zl = (( - A )~/2Xl, ( - A )~/2x2)H + ( o  
./-, 

(Aye(s), A y2(s ))uds 

where z, = (x~, y,), i = 1,2, and ( . , . ) ,  denotes the scalar product in H. It is 

known that the domain of ( - A )  '/2 endowed with the norm [](-A)l/2x]] is 

equivalent to F (see e.g. [10], p. 665) and therefore V'(z,z)z, is a norm 

equivalent to ]]z ]], as defined through (2.10). To prove (4.27) it is sufficient to 

show that for each z = (y(0), y ) E  DA we have 

(4.29) Re(Az, Z)z, <= 0 

(see e.g. [9], Theorem 3.1.8). For (y(0), y) we have the following estimate: 

Re(Az, Z)z, = Re(( - A )~/2[Ay (0) + yAy ( - r)], ( - A )1/2y (0))n 

+ Re fo_, (Ay'(s) ,  Ay(s)),ds 

= - R e ( a y ( 0 ) +  yAy( - r ) ,ay (O))+ 1 f_~ dl]Ay(s)ll2ds 
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' A  = -�89 3, R e ( A y ( -  r), Ay(0))-~[[ y ( -  r)lP 

---< -kllAy(0)ll=+ IIAy(- r)ll IIAy(0)II-�89 r)ll 2 

= - � 8 9  011) 2 =:_ 0, 

and the result is proved. 

5. The distributed delay case 

In this section we consider (2.5)-(2.6) with A1 = f = 0, i.e. 

(5.1) f i ( t ) = A u ( t ) + f ~  a(s)A2u(t+s)ds, for a.e. t=>0, 

(5.2) u(0) = x, u(t)=y(t) ,  for a.e. t E [ -  r,0}. 

In contrast to the situation considered in the previous section, a regular weight 

function a ( . )  is sufficient to ensure that the solution semigroup e A' arising from 

(5.1), (5.2) is differentiable in ]r, oo[ and hence that (4.25) holds. (Later we will see 
that in general e A' is not compact.) 

THEOREM 5.1. If a ( . ) E  WE2( - r,0), then t---> e A' is differentiable in ]r,~[. 

PROOf. Given T > 0 and (x, y ) E  Z let u be the solution of (5.1)-(5.2). As 

u EL2( - r ,  T ; D a )  and a ~ WW-( - r,0) it can be seen that g, given by 

(5.3) g(t)=f~ a(s)A2u(t+s)ds, for 0=< t =< T, 

belongs to W~'2(O, T; H). From (5.1) we get (see e.g. Theorem 2.3 of [8]) 

fo' u(t) = eA'x + eA('-~)g(s)ds. (5.4) 

Writing 

(5.5) fo' fo' u(t) = ea'x + eA'g(O)ds -1- eAt'-S)[g(s) - g(O)]ds 

we can use (i) of Theorem 2.4 of [8] to prove that for each T > 0 the last term in 

(5.5) belongs to WL2(0, T; DA) N W2'2(0, T; H )  C C~(0, T; F). From (5.5) it is 

easy to deduce that for each t > r 

(5.6) u ~ WL2(t-- r, t;DA) 

and 
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(5.1o) 

(5.11) 

From 

(5.12) 

where 

(5.13) 

(5.7) u ' E  C ( i -  r, t-; F). 

These properties show that (5.1) is satisfied for all t E [ i -  r, i]. 

In particular from (5.1) and (5.7) we obtain for t = t 

(5.8) Au(i)+ f~ a(O)A2u({ + O)dO E F. 

If we recall the definition of e ̂ ' and the characterization of DA given in (2.12) 

and (2.14) we recognize that (5.6) and (5.8) are equivalent to 

(5.9) eA;z E DA. 

AS i is arbitrary in Jr, + ~[ we get the conclusion. 

We pass now to the more particular case in which A2 = A and consider 

fi(t) = A u ( t ) +  a ( s )Au( t  + s)ds, for a.e. t _-> 0, 

u ( 0 ) = x ;  u ( t ) = y ( t ) ,  fora.e,  t~[-r,0]. 

(3.1) we have for A E C  and x E DA 

A(A )x = Ax - n (A )Ax 

f0  
n (X)=  1 +J_, a(s)e*~ds. 

Analogous to Lemma 4.1 we obtain the following result: 

LEMMA 5.1. 

(5.14) 

(5.15) 

(5.16) 

(5.17) 

(5.18) 

then we have 

(5.19) 

(5.20) 

Let 

F = { A E C : n ( A ) r  A n ( A ) ' E p ( A ) } ,  

Fc = {A EC:  n ( A ) g 0 ,  An(A)-' E Oc(A)}, 

F.  ={A EC:  n ( h ) / 0 ,  An(h)-'  E o'. (A)}, 

Fr = {A EC:  n ( A ) / 0 ,  An(A)-' E o'p(a)}, 

ro=(A ~ c :  A~0, n(A)= 0}, 

p ( a )  = r,  

~(~)= r~Oro, 
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(5.21) o-. (A) = C., 

[ 0 r0 
(5.22) re  i f l + f '  ~p (a) = (5.23) Fe {0} i f l + J _ ,  

a ( s ) d s r  

a ( s ) d s  = O. 

We can also derive the analogue to Proposition 4.2: 

PROPOSITION 5.2. 

(5.24) 

(5.25) 

(5.26) 

(5,27) 

r C_ O (A) c_ r 0 rc.  

r,, C ov (1) c_ r,, 0 re.  

r .  c o-. (A) _c FR 0 re,  

(5.28) 
t G, f l if 1 + a ( s ) d s / O ,  

if 1 + a ( s ) d s  = O. 
r 

PROOF. Let us first show that Fo~Z p(A ). If )t EFo, we have f~  = 

- 1  and hence there exists ~ E C ~ ( - r , O )  with q~(0)=0, such that 

(5.29) a (s )e"S~o(s )ds = c r  O. 

If we choose s r in the complement of Da and set s = 0 and 

~ ( s )  = e*~o'(s)( tx  - A )-'~, where/x E o ( A  ), 

then (3.6) becomes 

Ax = - cA  (IX - A )-',f, 

which cannot have a solution x E DA by virtue of (5.29). From Proposition 3.3 

we deduce that ( A - A ) D a / Z  and therefore Afrp(A ) . Moreover A(A)is  

injective, since )t r 0, and consequently A f o> (A) by virtue of Theorem 3.9. To 

prove that AEoR(A),  we can use Proposition 3.13 with F~ = D a  and L~= 

L2( - r, 0;Da-'), and conclude that FoC_ ere(A). To obtain (5.24)-(5.28) we can 

now proceed exactly as in the proof of Proposition 4.2. 

To derive more information on the sets Fo, Fc, FR and G, we now suppose that 

a ( s ) = - a  E R - { 0 } ,  for s E [ -  r,0]. In this case 

(5.30) n (,~ ) = I + a I ~ e ~'ds ; 
.J-, 
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to stress the dependence of the sets defined in Lemma 5.1 on a, we write 

F = F ( a )  and F~ = F , ( a )  with i = C , R , P  and 0. It is easy to see that A = 

x + iy E Fo(a) if and only if 

(x, y) (0, 0), 

(5.31) x + a(1 - e ,x cos ry) = 0, 

(5.32) y + ae-'X sin ry = 0. 

THEOREM 5.3. I f  a (s )==-a~O in [ - r , 0 ] ,  then F0(a) is not empty  and hence 

e a, is not compact  for every t > O. 

PROOF. If a > 0 ,  then there exists ,~ = x + iy E F0(a) with y E]Tr/r,27r/r[.  In 

fact from (5.32) we obtain 

1 ( asinyr '} 
x = -  log - 

r y / 

and substituting into (5.31) we have 

Y- cot ry + l log ( - a sin ry) + l = O, 
a ar y 

which has a solution in ]Tr/r,27r/r[. If a < 0  it suffices to consider y in 

]2~'/r,37r/r[. From (5.25) we deduce that Oc(A) is not empty and therefore e A' 

cannot be compact by virtue of Theorem 2.20 of [6]. 

We prove next a series of technical results which will allow us to locate the 

spectrum of A and consequently to study the asymptotic behaviour of (5.10), 

(5.11). 

PRoPosmor~ 5.4. There exists ~ = x + iy E Fo(a) with y = 0 if and  only if  

a < O and a ~ - l/r. I f  a < - l / r  we have x > O and if - 1 / r  < a < O we have 

x < 0 .  

PROOF. The result is a consequence of the study of the roots of x +  

a ( 1 -  e-'X) = 0. 

PROPOSITION 5.5. I f t he reex i s t s~  = x + iy E F0(a) a n d a  >= - 1/r, t h e n x  <0 .  

PROOF. By virtue of the preceding proposition we can suppose that y ~ 0. If 

- 1/r =< a < 0 we derive from (5.32) that 

ar e-'X sin ry = _ 1 =< ar and hence e-'X sinry=> 1. 
ry ry 
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We conclude that  

and the re fo re  x < 0. 

1 > sin ry >= e r, 
ry 

In the next  proposi t ions  we invest igate  the location of the set F R ( a )  and 

Fp (a ) ,  when  o-R ( A )  and o,~ ( A )  conta in  negat ive real numbers .  M o r e  precisely,  

for  each  e > 0  and a E R we consider  the set 

(5.33) ~,(e, a )  = {~ E C: n(~t) r 0, ) m ( ~ )  -1 = - e} 

where  n ( ~ )  is defined by (5.30). It can easily be  seen that  )t ~ 3~(e, a )  if and only 

if 

xr 

(5.34) f(A, a )  = )t 2 + ~)t + ea(1  - e - ~ )  = O, 

or,  set t ing Z = x + iy and f = r + i6, 

(x, y)r (0,0), 

(5.35) r  y, a )  = x 2 - y 2 +  ex  + ea(1  - e -~" cos yr)  = 0, 

6 ( x ,  y, a )  = 2xy + ey + ea e -x" sin yr = 0. 

PROPOSmON 5.6. I f  2t = x + iy E 3'(e, a )  a n d  l a I <= 1/r, then x < O. 

PROOF. Suppose  that  ~ = x + iy with x >- 0 satisfies ~ = - en(~t) .  Taking  the 

real parts  of both  sides we get with (5.30) 

x=-e(l+af~ e ~ ' c o s y s d s ) ,  

hence 

and there fore  

- a I~, exs cos ysds = 1 + x / e  >= 1, 

,s sl (fo )l 
l a I -  -> e xs cos > e ~ds >= r -t, 

since x ->_ 0, which is the desired contradic t ion.  
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It will be useful to consider (5.35) as a system implicitly defining two functions 

x ( a )  and y(a) .  Let us introduce the Jacobian 

(5.36) J(x, y, a)  = 

and the set 

~ox(x,y,a) ~oy(x,y,a) 

~bx(x,y,a) ~ ( x , y , a )  

(5.37) K = { ( x , y , a ) :  ~ o ( x , y , a ) = ~ b ( x , y , a ) = O , J ( x , y , a ) ~ O } .  

From the implicit function theorem (IFT) it is known that if (2, ~, ~i)~ K, then 

there exists 8 > 0 and two differentiable functions x : [ti - 6, ~i + 8]---> R and 

y : [d - 6, ~i + 8]---> R such that 

{(x(a), y(a) ,  a): [a - a I :  < 8} 

={(x,y ,a) :  r  ~b(x,a,y)=O, l a - a l <  6, ly -~ l=<6 ,  lx - 2 1 < 6 } ,  

~o, (x, y, a)  ~oy (x, y, a)  
(5.38) x ' (a  ) = - J(x,  y, a )-' 

~b, (x, y, a)  ~by (x, y, a)  

PROPOSITION 5.7. Let a > - 1/r. I f  (x, y, a)  satisfies (5.35) and J(x,  y, a)  = O, 

then x < O. 

PROOF. We calculate 

(5.39) J(x, y, a)  = (2x + e (1 + ar e-~r cos yr)) 2 + (2y - ear e-Xr sin yr) 2, 

and therefore J(x, y, a ) =  0 if and only if A = x + iy satisfies 

(5.40) 2A + e (1 + ar e-r~ ) = O. 

Moreover ~o(x, y, a)  = ~b(x, y, a)  = 0 is (compare (5.34)) equivalent to 

(5.41) h2+ eA + ~a(1 - e -~') = 0. 

From (5.40), (5.41) we deduce 

rA~+(er+2)A + e(ar  + 1 )=0 .  

As  a > - 1/r this last equation implies Re A < 0 and the claim is verified. 

PROPOSITION 5.8. The triplet (a,0, y) is a solution of (5.35) if and only if 

y = - y k ,  a = a k = - y k / s i n r y k ,  k E N ,  where y~ < y2 < .  . " are the positive 

and 
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solutions of  

r Y -  O. (5.42) y + e tan 2 - 

(5.43) 

and hence 

Moreover ak > 1/r for each k E N. 

We note that y~ and a~ depend on e. 

PROOF. Setting x = 0 in (5.35) we obtain y / 0  and 

_ y2 + ea (1 - cos yr) = 0, 

y + a sinyr =0 ,  

(5.44) 

y2 = 2ea sin 2 y-ff 
2 '  

a = - Y  
sin yr 

From the last equality it follows that a > 1/r. Moreover 

sin 2 2 ~ 
- y = 2e = e tan ~ 

2 '  �9 y_r Y_J 
2 sm 2 cos 2 

which is (5.42). This ends the proof. 

PROPOSITION 5.9. For each k E N there exists a continuous function 
Ak : Ik ~ C such that 

(i) I~ = ]ak - Bk, ak + & [ with 8k > 0 and  ak given in Proposition 5.8, 
(ii) f ( & ( a ) , a ) = O  for a ~ l k ,  

(iii) & ( a k )  = yk, 

(iv) R e A k ( a ) < 0  for ak - 6k < a < a~, 

(v) R e A ~ ( a ) > 0  for ak < a < a~ + & .  

PROOF. As (ak, 0, yk) satisfies (5.35) and ak > 1/r we know from Proposition 
5.7 and (5.39) that 

(5.45) J ( ak , O, y,  ) > O, 

and therefore the IFT implies the existence of a function & satisfying (i)-(iii). If 
(a,0, k ) E  K we get from (5.38) and (5.39) 
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c (1 - cos yr)  - 2y + ear sin yr 
(5.46) x ' ( a )  = - J-l(a, 0, y )  

e sin yr e (1 + ar cos yr)  

If a = ak and y = y~ we can use (5.42) and (5.43) to obta in  

(5.47) x ' ( ak )  = - y~ea ~lJ(a~, O, yk)-~(akr cos ykr - 1 - er). 

F r o m  (5.43) and (5.42) it follows that  

a~r cos ykr = - ryk cot y~r = ~ 1 - tan 2 , 

and there fore  

-1 ( . er .  er, 2y~r\ 
x ' (ak)=ykeakJ(ak ,O,  yk) -1 1 - e ~ - e ~ t a n  2 } "  

Using (5.45) we deduce  that  x'(a~)> 0 and (iv)-(v) easily follow. 

REMARk:. The  same  result  holds if we replace yk with - y k  in (iii). 

F rom Propos i t ions  5.8 and 5.9 we deduce  the existence of e lements  A E 

y(e ,  a) ,  as a varies in a ne ighborhood  of a~ ; to de t e rmine  for  which values of a 

there  exist A E y(e ,  a )  with R e  A > 0, we use the following 

PROPOSITION 5.10. Let (Ao, ao) with R e A o > 0  and ao> 1/r satisfy 

(5.48) f(Ao, ao) = 0. 

Then there exist a' and a function A : ]a', ~[---> C such that 1/r <-- a' < ao and 

X (ao) = ,~o, 

(5.49) f(A (a) ,  a )  = 0 

R e A ( a ) > 0  

Moreover there exists y' E R such that 

(5.50) 

PROOF. 

(5.51) 

for  a ~ a P, 

for  a > a ' .  

f( iy ' ,  a') = O. 

Let  us consider  the family f f  of cont inuous  funct ions 

h : I , - - > C  

where  I~ is an open  interval  containing ao and such that  
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A (a,,) = A,,, 

(5.52) Re A (a) > 0 for a E Ix, 

[(,~ (a), a ) = 0 for a E I~. 

By Proposition 5.7 and the IFT we see that o% is not empty and from Proposition 

5.6 we deduce that I~ C ]l/r, +~[ .  Let us prove that if A~ and A2 belong to ~ then 

)t~ = A~_ in I,, n I,,. In fact by the IFT there exists an interval containing ao where 

A~ = ,~2 and so we can deduce the existence of a maximal interval J such that 

a , , ~ J C  I,, n I~. and )t~ = )t2 in J. If J is different from I~, n I~. then one of its 

endpoints a* must belong to Ia~ n IA~. By continuity we get A~(a*) = A2(a*) and 

since Re )t~(a *) > 0, Proposition 5.7 and the IFT imply the desired contradiction. 

Having established this fact the following definition of the function A* is 

justified: 

)t*" I * ~ C ,  

(5.53) x*= U I., 
A C f f  

a * ( a ) =  h(a)  if a EI .  with h Eft .  

We set I* = ]a ' ,a"[ .  Let {a',}C_ I* be a sequence such that 

(5.54) lim ' -  a '  a n - -  . 

Set x ( a ) = R e A * ( a )  and y ( a ) =  Im,~*(a). If y ( a ' ) = 0  we get by (5.35) 

0 <= x2(a'n) = -- Ex (a~) - -  8a',,+ Ea~e-rx(a;O<= Ea• 

and if y ( a ' . ) #0 ,  

t - r x ( a  ' )  sin ry (a ") < ea  "r. 0--< 2x(a'~) = - e  - e a j e  " = ry(a'.) (5.55) 

Moreover 

(5.56) y2(a',) = x~-(a'n)+ e lx(a',) + a',] - ea 'e- 'Xt""~cos  ry (a'n) 

and so {x (a')} and {y (a')} are bounded; by possibly choosing a subsequence we 

can suppose that there exist 

(5.57) lim x (a ") = x' => 0 
n ~  

and 
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(5.58) y (a 3 = y'. 

From (5.54), (5.57) and (5.58) we deduce 

f ( x '  + iy', a') = O. 

Now if x ' >  0 Proposition 5.7 and the IFT imply the existence of a function 

belonging to o ~ defined on an interval which is not contained in I*. This is a 

contradiction and so (5.50) holds. Finally if a" < ~ with an analogous argument 

we can show that there exists a" < a" such that lim,_~ a" = a", l i m , ~  x (a ' )  = 0. 

l i m , ~ y ( a ~ ) =  y" and x ( a " ) > 0 .  This implies f ( i y " . a " )=O and so y " =  ---yk, 

a " =  ak for suitable k E N, by virtue of Proposition 5.8. By using the remark 

after Proposition 5.9 and IFT we see that l i m , _ ~ a ' =  ak and x ( a " ) > 0  are in 

contradiction with (iv) of Proposition 5.9 and so we must have a " =  + ~ .  

Properties (5.49) are thus verified by the function 3. = 3.* and the result is 

proved. 

PROPOSITION 5.11. 

(i) If  hoE y(e, ao) with l/r < ao< a, (where a, is defined in Proposition 5.8) 

then Re 3.o < 0. 

(ii) If  3.o E y(e, a,) and 3.o ~ +- iy~ then Re 3.o < 0. 

(iii) If  a. > a,, then there exists ho E y(e, ao) with Re 3.,, > 0. 

PROOF. Let h, E y(e, ao) with 1/r < ao < a~. From Proposition 5.8 we know 

that R e h o ~ 0  and the same proposition and Proposition 5.10 imply that if 

Re 3.o> 0 then there exists ak < ao for suitable k E N, which is absurd, and 

therefore Re ho < 0 which proves (i). The proof of (ii) is obtained in an analogous 

way. Finally from Proposition 5.9 we have that given do E ]aj, a~ + 6 [ there exists 

)~oE y(e, ~/o) with Re ho> 0; consequently we can apply Proposition 5.10 and 

obtain (iii). 

We are now in position to determine the sign of Re h where h belongs to Fo(a) 

or to y ( e , a )  as a varies in ( -oo oo). 

PROPOSITION 5.12. For fixed e > 0 ,  let a, = a~(e) and y~ = y,(e) be defined in 

Proposition 5.8. 

(i) If a < -1 / r ,  then there exist elements h E Fo(a) with Reh  >0.  

(ii) I f  -1/r<-_a <az ,  a g o  and h E G ( a ) U  y (e ,a ) ,  then Re3. <0 .  

(iii) Ira = al, then +- iy, E y(e, a ) and if 3. E Fo(a) U 7(e, a) with 3. ~ iy,, then 

Re3. <0 .  

(iv) I f  a > al then there exist elements h E y(e, a)  with Re h > 0. 
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PROOF. Proposition 5.4 implies (i), whereas (ii) follows from Propositions 5.5, 

5.6 and 5.11 (i). We also observe that Propositions 5.5, 5.8 and 5.11 (ii) imply (iii). 

Finally (iv) is (iii) of the preceding proposition. 

With the results proved up to now we can describe the asymptotic behaviour 

of the solutions of (5.1)-(5.2) when a ( . )  is a constant different from zero and 

A 2 = A .  

THEOREM 5.13. Let a E R - {0}, z = (x, y) E Z and let u denote the solution of 

(5.59) f i ( t )= A u ( t ) +  a A u ( t  + s)ds ]:or a.e. t >-_ O, 
r 

(5.60) u(O) = x, u ( t ) = y ( t )  [ora.e. t E [ - r , O ] ,  

given by Theorem 2.1. 

For each e > 0 let y~(e ) be the smallest positive solution of y + e tan(ry/2) = 0 

and set 

- y,(e) 
a,(e) = sin(ry,(e)) 

(see Proposition 5.8). 

If 

(5.61) 

o r  

(5.62) 

a < - 1/r 

a >inf{al (e) :  e >0 ,  - e E o-R(A)U o'e(A)} 

(when {e >0 :  - e E o-R (A)U ire(A)} is not empty), then given any t~ > 0  there 

exists z E Z with II z IIz =< ~ and 

(5.63) !im sup II u(t)llF = + 2. 

if 

(5.64) 

o r  

(5.65) 

then there exists z ~ 0 in Z such that 

(5.66) II u(t)llz = lie IIz 

a = - 1 / r  

a = a~(e) forasuitablee > 0  with - e  C o-p(A), 

[or all t >= O. 
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Finally if 

(5.67) o ' (A) C_ ] - ~, - g] with g > 0 and a E ] - 1/r, inf{a,(e): - e ~ o-(A )}[, 

then there exist M, ~o > 0 such that for every z E Z we have 

(5.68) Ilu(t)IIF +IlulIL2,,-...OA,<=Me- 'IIZlIz for t  >=O. 

REMARK. If trR (A) U oe (A) C_ ] - 0% - g], g > 0, then 

inf{a,(e): e ~ o-, (A)  U o'e(A)}--> - y1(/3) 
sin(ryl(/3)) 

where /3 is the solution of y = tan ry in [~'/r,3rr/2r]. 

PROOF. If (5.61) holds, we deduce from Proposition 5.12 (i) and (5.25) that 

there exists A E Fo(a)C_ ~rc (A) with Re A > 0. On the other hand, from (5.62) 

and (5.33), (5.16), (5.17) and (5.26)-(5.28) we obtain that for suitable - e ' E  

o n ( A ) U o u  we have az(e ' )<a and 7 ( g , a ) C F , ( a ) U F e ( a ) C o ' ( A ) .  
Therefore from Proposition 5.12 (iv) we again deduce that there exists some 

)~ ~ o-(A) with Re)t  > 0. To prove (5.63) we argue as in Theorem 4.3. In our 

situation the equivalence of (4.21) and (4.22) is proved by using the following 

estimate which is obtained from (5.59) for each t > r: 

(5.69) 11 ti ILL2,,_,,,;,)=< 11Au HL-',,-,.,;m + ra {11Au ]]L2,_z,.,_r:,)+ 11Au ]]L2(/_r,t;H)}. 

TO verify (5.66) we note that it suffices to argue the existence of some )t E o~ (A) 

with Re ,~ = 0. If a = - I/r, then 0 E ou by (5.28). On the other hand if (5.65) 

is satisfied, then by Proposition 5.12 (iii), (5.17), (5.27) and (5.33) we get 

iy~ ~ y(g, al(g))C_ o-e(A). Let us prove the last part of the theorem. As e A' is 

ditterentiable (see Theorem 5.1), (4.25) holds and so it is sufficient to prove 

(5.70) sup{Re )t : )t ~ o-(A)} < 0. 

But from the characterization of the spectrum of the generator of a ditterentiable 

semigroup [16], we know that the part of or(A) contained in a vertical strip is a 

compact subset of C and hence (5.70) is equivalent to 

(5.71) )~ E o-(A) f f  Re )t < 0. 

Therefore the proof is accomplished, because from (5.67) and (5.25)-(5.27) we 

get 

o(a)cr,,(a)UVc(a)Ur.(a)Ur.(a)C_Fo(a)U( U 
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Proposition 5.12 (ii) implies (5.71) and the proof is completed. 

6. Example 

In this section we give an application to the initial-boundary value problem of 

Dirichlet type for the retarded Laplace equation: 

u,(t, x) = Au(t, x)+ yAu(t  - r, x)+ a f)r Au(t + s, x)ds + f(t, x) 

(6.1) 
for a.e. ( t , x )E[O,T]•  

u(t ,x)=uo(t ,x)  for a.e. ( t ,x )E[-r ,O]•  
(6.2) 

u(0,x)  = r  for a.e. x E l l ,  

(6.3) u(t ,x)=O for a.e . ( t , x )~[O,T]xa~l .  

Here f l  is a bounded open subset of R" with "regular" boundary 0 f~; % a ~ R, 

r > 0, T > 0 and [, uo and q~ are given functions. 
We can write (6.1)-(6.3) as an initial boundary problem (2.5)-(2.6) in the 

Hilbert space H = Lz(fl) by setting 

A = A ,  

(6.4) Da = W0'2(l))- W2'Z(~)A WA2(fl), 

A, = yA, A2 = aA. 

It can be proved that F is equivalent to W~'2(12) (see section 5 of [8]). For each 
f ~ Lz([0, T] x [I),u0 E LZ( - r, 0; r162 and q~ E W~'2(I)) there exists a unique 

u ~ L2( - r, T; l,Vg'Z(f~)) f'l W"2(0, T; L2(O)) f) C(0, T; Wg'2(O)) 

satisfying (6.1)-(6.3) as a consequence of Theorem 2.1. If f = 0 we obtain a 

solution defined in [0, + ~[ and we can also apply the results of Sections 4 and 5 
to study the asymptotic behaviour of the solutions of (6.1)-(6.3). Note that A is a 
selfadjoint and negative operator and its spectrum satisfies a ( A ) =  ~re(A)C 
} - 0% - g] with g > 0. 

T~IEOREM 6.1. Let u be the solution of (6.1)-(6.3) when f = O. 
(i) I fa = 0 and ] y I > 1, then for every 8 > 0 there exist an initial datum (uo, q~ ) 

with 

fo  r \ 1/2 (6.5) Iluo(s,.)ll2w2.2m)ds) + [[r a 
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such that u satisfies 

(6.6) !im sup II u(t,. )llw, ~-,, = § ~ 

(ii) If a = 0 and t3,[<= 1, then for every solution we have 

{ (L (6.7) sup Ilu(t,.)llw,~,.;+ Itu(s,.)l[~22(~,ds <~.  
t > O  - r  

(iii) I[ 3' = 0 and a ~: [ - 1/r, inf{a~(e), - e E or(A)}] (where at(e) is given in 

Theorem 5.13) then for every 6 > 0 there exist (uo, ~o) satisfying (6.5) such that u 

satisfies (6.6). 
(iv) If y = O  and a =  - l / r  or a = a , ( e )  with - e  E o'(A ), then there exists 

(uo, r  (0,0) such that 

Ilu(t,-)ll~'.2,,,, + ( f , '  Ilu(s,. )ll~-,~,ds) "2 = ( f~, Ilu,,(s,. )ll~::,",ds) "2+ l]~ ll~'"c", " 
(6.8) 

(v) / / 1 ,  = 0 and a E ] -1 / r ,  i n f { a , ( e ) , - e  E v-(A)}[ then there exist M and 
to > 0 such that [or every solution u we have 

( ftt \ 112 
Ilu(t,.)llw,~-,,,§ -, [[u(s,.)ll~2.~,,,ds) 

(6.9) 
- ~ t  2 <= Me II uo(s , . ) l lw~, ,ds  + II'P IIw'~,, �9 

PROOF. The assumptions on A required by Theorems 4.3, 4.5 and 5.13 are 

satisfied and their conclusions give (i), (ii) and (iii)-(v) respectively. 
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